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Abstract — In this paper, we study cooperative multi-agent systems in which the target objective and the controls exercised by 
the agents are dependent on the choices they made at initial system time.   Such systems have been investigated in several 
recently published papers, mainly from the perspective of system analysis on issues such as control communication complexity, 
control energy cost and the feasibility of realization of target functions. This paper continues this line of research by developing 
optimal control design methodology for linear systems that are collaboratively manipulated by multiple agents based on their 
distributed choices.  For target matrices that satisfy particular structural constraints, we derive control algorithms that can 
achieve the specified targets with minimum control cost. We compare state-feedback as well as open-loop control strategies for 
target realization and extend the optimality result to an arbitrary target matrix. The optimal control solutions are obtained by 
minimizing the average control cost subject to the set of specified target-state constraints by means of modern variation theory 
and the Lagrange multiplier method. 
 
Index Terms—Choice-based action systems, optimal distributed control, cooperative control, control over communication 
I. INTRODUCTION 
Research on multi-agent systems has been well motivated by engineering, biological, social and 
economical problems [22]. For illustration, one can name deep space observation via distributed satellites, 
automated logistic and manufacturing, teams of robots deployed in hazardous environments [20], home and 
office building environment control automation, intelligent transportation systems [3], and many others. 
One important characteristic enabled by using a team of cooperative agents is labor division for handling 
challenging missions. Multi-agent cooperative control, known under the context of formation flying [13], 
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vehicle platooning [15], flocking [16], rendezvous [10], consensus[18], or swarming [12], have been 
investigated extensively in recent years under different frameworks, from a host of viewpoints, and for 
various objectives (e.g. [4], [9], [20] and [21]). The majority of relevant literatures deal with individual 
utility function optimization for which there are two common categories of solution methodologies: those 
that achieve individual optimization by assuming constant input from the other team members [9], and 
those based on decomposing individual agent control inputs into local and global components to minimize 
individual agent cost functions, such as [20] and [21]. In the past decade, team optimization models based 
on a single common cost function have also resulted in a considerable number of publications in the 
literature, such as [7], [17] and [19]. 
In Wong [23], a new class of distributed control problems was introduced under the premise that the 
desired system output is a function of the individual choices made by distributed agents. In other words, the 
multiple agents collaboratively apply controls based on their individual choices to achieve a team target.  In 
environments under limited communication bandwidth constraints, control and information are intricately 
tied together to form an information-based control system.  For systems with two-agents, the minimum 
amount of information exchange to achieve the desired system output target can be captured by the 
communication complexity (CC) introduced by Yao [27], resulting in the concept of control communication 
complexity (CCC). This germ of idea was further expanded in [25] which applied the concept of control 
communication complexity to an interesting class of nonlinear control systems, known as the Heisenberg-
Brockett-Integrator. The authors showed that for this class of systems any target states given in the form of 
a finite dimensional matrix can be realized using sinusoidal inputs that form closed curves in a product 
control input space.  Moreover, the question of finding distributed controls with minimum control cost was 
analyzed. In [2], these investigations were further connected with the standard parts optimal control 
problem ([5] and [6]). The Heisenberg-Brockett-Integrator is a special case of the class of bilinear input-
output mapping dynamical systems. In [26], the problem of distributed realization of a target matrix was 
extended to bilinear input-output mapping systems. These research works lead to new perspectives on 
3 
distributed control and at the same time raise numerous challenging questions.  One of the themes 
highlighted in [25] and [26] touches on the intricate relationship between the concept of communication 
complexity and control cost.  Roughly speaking, if the agents can jointly achieve a choice-based target at a 
certain control cost level, it may be possible for them to lower the cost by signaling information of their 
choices to each other via the dynamic system.   Starting from one end of the strategy spectrum, it is possible 
to design control algorithms that totally ignore information from other agents; namely, one can resort to 
open-loop controls.  On the other hand, one can also consider schemes that allow control decisions to be 
partially based on information obtained through signaling or state-feedback mechanism. 
In this paper we further these investigations by focusing on choice-based actions defined on linear 
dynamical systems.  We also restrict attention to control strategies that do not provide for choice 
information signaling.  The latter assumption significantly simplifies the solution complexity.  Yet, the 
systems considered here are interesting enough of their own rights, since their simplicity is a strong 
advantage in practical applications.  Moreover, these systems serve as a reference point for the more 
complicated strategies to be investigated in the future.  
The main objectives of the paper are twofold: to gain better understanding of the aforementioned 
systems and to establish optimal control design methodologies. In particular, we derive optimal target-
realizing control laws that minimize a common type of control cost function. The optimization problem is 
solved in the framework of modern variation theory and the Lagrange method. The primary choice-based 
solutions are given in a basic open-loop form, which is susceptible to external disturbances. To make the 
result adaptable to systems with state disturbances, we reformulate the primary solutions into feedback 
control form. These results can be applied to realize target matrices that are compatible, i.e., target matrices 
whose entries satisfy certain constraints to be explained later. For incompatible target matrices, i.e., target 
matrices that are not strictly realizable, one can add a terminal error penalty to the cost function in order to 
derive corresponding optimal choice-based control laws.  
We should note that there are fundamental differences between our choice-based action systems and 
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those studies within the framework of the more traditional distributed control and dynamic game theory 
models (see for example the references in [11]). First of all, as pointed out in [26], in the current research 
framework, there is no direct communication channel between agents, while in the traditional models, 
communication between agents, if called for, is typically assumed to be achievable independent of the 
dynamical system.  Second, there is no concept of individual utility functions in our model unlike 
traditional game theoretic based multi-agent systems.  As a consequence, the choice-based target-realization 
formulation addresses with a brand new problem that requires an untraditional solution approach.  
This paper is organized into six sections including the Introduction. Section II contains a motivating 
example and the detailed problem description. In Section III, the primary result on optimal choice-realizing 
controls is presented for target matrices that satisfy a basic compatibility condition. Some interesting 
implications are also observed. In Section IV, we reformulate the primary solutions in the feedback form 
and present our main feedback control result on choice-based target-realization. We further elaborate our 
discussion with a numerical example. In Section V we investigate the choice-based realization problem for 
a general target matrix.  Concluding remarks are provided in Section VI. 
 
II. MOTIVATION EXAMPLE AND PROBLEM FORMULATION 
A. Motivation Example 
In [26] a rendezvous problem was presented to motivate the choice-based target realization problem.  
The problem involves two agents, Alice and Bob, who wish to meet or not to meet in their jogging paths 
depending on their moods. We will further elaborate on this example through a model in which the agents 
enter a rectangular shaped park at diagonally opposite corners as shown in Fig. 1.  Points A and B represent 
the positions of Alice and Bob respectively. 
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Fig. 1.  Path planning for two agents 
For simplicity, we assume the vertical velocity components of the points are fixed to be 1 in the direction as 
indicated in the figure while the horizontal motions are controllable and described by the equations: 
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where u, v are controls exerted by Alice and Bob respectively. It is assumed that no special communication 
channels exist between the agents; however, the agents can observe the horizontal coordinate difference: 
e  x1  x2 . (3) 
At initial time, Alice and Bob each choose from two options with equal probability. Depending on the four 
equally likely choice pairs, they have a prior agreement on the target system outcome described by a two-
by-two matrix with its entries describing one of the two possible event outcomes, namely, the points meet 
or not meet at a terminal time T.  The initial choice cannot be changed and are unknown to the other agent.  
The mathematical definition for the meeting event is simply 0)( Te  , (we do not specify the meeting 
velocities in general, but in this discussion we further specify that e(T )  0 ).  On the other hand, the 
definition for the non-meeting event is less straightforward.  In this illustrative example we define it to be 
5)( Te .  Moreover, in order to satisfy the constraint for being realizable we define the target matrix by 
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H . By combining (1) and (2), the system model can be formulated in the form 
)(
1
0
1
0  
1
0
0   0
1    0
tnvu
e
e
e
e
















. (4) 
For the stated target matrix, we will show that one can design optimal control laws u1(t), u2 (t)  for 
Alice and v1(t), v2 (t)  for Bob so that if Alice chooses ui (t) and Bob chooses vj (t) , the control laws will 
drive (4) to end with e(T )  hij , and hence allowing the target matrix be realized as shown in Fig. 2. 
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Fig. 2.  Trajectories of two particles with initial positions (10, 10) and (0, 0) and target matrix [5 0; 0 -5] 
If we change the target matrix to 


00
05
H  it turns out that there are no pre-defined open-loop 
controls that realize all the targets according to the choices if there is no communication between the agents.  
In subsequent sections we will analyze this problem and show how control laws with minimal control cost 
can be designed for a given target matrix. 
From this example, it is clear that unlike traditional control problem it is not sufficient to determine 
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just one control function but a set of control laws for the agents to make selections from based on their 
choices.  Moreover, there can be target matrix that cannot be realized in this choice-based action framework 
if no agent-to-agent communication is allowed. 
 
B. Problem Setup 
Consider a distributed control system with L independent agents 
,)()()(
1



L
l
ll ttt uBAxx 00)( xx t , (5) 
where A Rnn, Bl  Rnml , x(t) Rnis the state, and ul (t) Rml , the control of agent l, is selected from 
 llil Nitl ,,2,1),( u  solely according to a uniformly distributed choice, li , made by the agent. It is 
assumed that no direct communication channel exists between the agents. The target states at terminal time 
T are represented by an LNNN  21  dimensional matrix, or an L-order tensor H. When agent l, for 
,,,2,1 Ll   chooses li , our objective is to derive control functions, ,lilu  that minimize the control cost,  
J  1l1L Nl
 (ulil (t))Tulil (t)dtt0
T
iL1
NL
i11
N1  1Nl (ulil (t))Tulil (t)il1
Nl
l1
L dtt0T , (6) 
which can be interpreted as a quadratic cost averaged over the LNNN  21  cases of possible choices, 
while satisfying the terminal state condition: 
L
L
iii
i
L
iiT ...21 21
21 ),,,,( Huuux  .  (7) 
Here, 
Liii ...21
H , the ),,,( 21 Liii   entry of H, is the target state when agent l selects the choice li , for 
.,,2,1 Ll   As explained previously, these choices could be understood as uniformly distributed inputs 
which are known only to the individual agent at time t0 . 
Remark 1. The problem is challenging for the following reasons: 1) There are multiple agents who make 
independent choices which are unknown to other agents. 2) The terminal states are given by an L-order 
tensor whose components are dependent on the choices made by all the agents. 3) Standard optimization 
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approach may yield a large number of equations with two-point boundary-values [23] complicated by many 
constraint conditions. This should become clear when one represents all the terminal states 
Liii ...21
H , for 
,,,2,1,,,2,1 LlNi ll    by the standard formula 
Hi1i2iL  eA(Tt0 )x0  eA(Tt ) (B1u1i1 (t) B2u2i2 (t)BLuLiL (t))dtt0
T .  (8) 
From simple algebra it follows that for any integers, il  and il in the set },2,1{ lN , im  and im  in the set 
},2,1{ mN , l and m in the set },,2,1{ L , the following equation holds 
LmlLmlLmlLml iiiiiiiiiiiiiiiiiiii    21212121 ,HHHH .  (9) 
These constraints have been first observed in [26] for the case 2.L   
There is a totality of LNNN  21  equality constraints of the form (8), of which only 
LNNN L  211  of them are independent as shown in the following propositions. This fact 
significantly reduces the complexity of solving the problem. 
Proposition 1:  Define the terminal state set by 
       .,...,2:,...,2:,...,2: 1122111111111 21 LLiii NiNiNi L    HHHHH  
If all entries of a target matrix H satisfy condition (9), then for all ,,,2,1,,,2,1 LlNi ll    the vector 
Liii 21H  is spanned by elements in H.  Moreover, 
111111111 )1(2121   HHHHH  LLL iiiiii . (10) 
Proof: This can be shown by mathematical induction. It is trivial to see that (10) holds for 111H  and 
11,,11  liH  for all ll Ni ,...,2 . Now, for any k, 1 k  L , assume that (10) holds for all entries Liii 21H  
labeled by indices with k or more of them equal to 1. Consider an arbitrary entry of the target matrix 
labeled by indices with exactly k-1 of them equal to 1,  Liii 21H . Given any two integers, m and n, 
1 m  n  L  we can represent the tuple of indices Liii 21  as 321 SiSiS nm  where 1S  stands for string i1im1, 
S2  stands for string im1in1 , and S3  stands for string in1iL . It follows from (9) that 
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321321321321 1111 SSSSiSSSSiSSiSiS nmnm
HHHH  . 
If 1mi , 1ni , and the index tuple 321 SiSiS nm  has k-1 components equal to 1, then 321 1SSiS mH , 3211 SiSS nH  are 
entries labeled by indices with exactly k components equal to 1 and the index of 
321 11 SSS
H  has exactly k+1 
components equal to 1. Hence, all these entries satisfy (10) by induction assumption. It follows then: 
32132132132121 1111 SSSSiSSSSiSSiSiSiii nmnmL
HHHHH   
111111111 )1(21   HHHH  LLiii . 
Therefore, all entries of the target matrix satisfy (10). □ 
 
Proposition 2: Suppose all entries of a target matrix H satisfy the constraints stated in (9). If equation (8) 
holds when the left-hand-side is an element of H, that is, it is of the form 111H  or 11,,11  liH  for all 
ll Ni ,...,2 , it holds for all entries of H. 
Proof: According to Proposition 1, a general entry of H satisfies equations (10).  The proposition follows 
by substituting the right-hand-side entries of equation (10) by equation (8). □ 
A target matrix with all its entries satisfying condition (9) is called a compatible target matrix, 
otherwise it is called an incompatible target matrix. Choice-based controls that drive a system to realize 
compatible targets are called target-achieving controls. Generally speaking, an arbitrary target matrix does 
not meet the structural constraint defined by (9) and thus is not realizable.  Instead, one can try to find 
choice-based controls steering the system to terminal states that minimize an extended cost function which 
includes an averaged terminal state quadratic error penalty as shown in Section V. 
III. PRIMARY TARGET-ACHIEVING CONTROL LAWS  
The main result for target-achieving controls for compatible target matrices is derived under the 
following controllability assumption. 
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Assumption 1. The system in (5) is controllable by each agent, that is, for all ,,,2,1 Ll   ( lBA, ) is a 
controllable pair, or equivalently the Grammian matrix   Tt tTlltl dtee T0 AA BBW  is invertible. 
In the rest of this section we present a two-step optimization approach to the optimal target-achieving 
control problem described above. In the first step of optimization we derive for each agent the class of 
admissible control functions that satisfy the necessary conditions for optimality irrespective of choices of 
the other agents; in the second step, the problem is reduced to an optimization problem over an (L-1)-
dimensional Euclidean space for which there is a unique critical point. This critical point is then shown to 
be the global minimum. 
 
Theorem 1. Consider an n-dimensional system with L agents defined by (5) that satisfies Assumption 1.  
Let l  be an integer in the set },,2,1{ L .  The set of target-achieving optimal controls minimizing the 
average control cost (6) subject to (7) is defined as follows: For ,,,2,1,,,2,1 LlNi ll     
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Proof. To find the controls that minimize cost function J, adjoin the target conditions to J with real-valued 
Lagrange multipliers 
Liii 21λ  and let 
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Now we can use standard Lagrange method and the fundamental approach to calculus of variations to find 
the solution to this optimization problem. Consider the variation in J  due to variations in the control 
vectors, 
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)(
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1
1
1
1
21
1
1
)())((2 uBλu A   . 
Here we set 00 x  and 021 Liii H , for ,,,2,1,,,2,1 LlNi ll   since the initial state and the terminal 
states are specified. For an extremum, J  must be zero for arbitrary )(tlilu , ;,,2,1 Ll   this can happen 
only if the stationary solutions to )(tlilu ’s are of the following type 
l
T
l i
l
tT
l
i
l et PBu
A)( ,                                         (16) 
where 
  
  




 1
1
1
1
21
1
11 1 112
N
i
N
i
N
i
iii
N
i
Tli
l
l
l
L
L
L
l
l
T
l eN  λP A . 
In addition to the necessary condition arising from zero first-order variation of J , the non-negativity 
of the second-order variation for all values of )(tlilu  is easy to verify. Therefore, among all possible types 
of controls the class of controls given in (16) yields the least average control cost J .  The only thing left is 
to determine the Lagrange multipliers 
Liii 21λ , or equivalently the set of values for lilP , that minimize the 
cost function (6).  Note that the cost function can now be reformulated as: 
 
 

L
l
N
i
i
ll
Ti
l
l
l
l
ll
N
J
1 1
)(1 PWP .     (17)
 
For this reduced problem, the equality constraint in (8) for all ,,,2,1,,,2,1 LlNi ll    assumes the form 


  

 L
l
i
ll
tT
iii
l
L
ee
1
0
0
21
PWxH AA .        (18) 
According to Proposition 2, if equation (18) holds for all elements in H, it holds for an arbitrary 
Liii 21H . 
As a result, it is sufficient to summarize (18) by the following set of equalities: 
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AA ，
 (19) 
Note that there are N1 NL 1 L  equations with N1  NL  variables.  This implies there are only 
L 1  free variables.  Selecting an arbitrary },,,2,1{ Ll  define the set of free variables by 
},,,,,{ 11 1
1
1
1
1 Lll PPPP   , and note that:
 
)(
,1
1
0111
11 0 

 
L
lkk
kk
tT
ll ee PWxHWP
AA
 .                                (20) 
Based on this and (19), we obtain the following equations for all lilP , 





 



llee
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L
lkk
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t
i
T
l
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T
l
i
l
l
l
l
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,)(
,1
1
011
1
1
11111
1
0 PWxHW
PHHW
P AA
A


.                       (21) 
Now, combining (16) and (21) with the cost function (17) leads to an equivalent problem of finding 
TT
L
T
l
T
l
T ])()(,)()[( 11 1
1
1
1
1
1 PPPPP   , such that the following function is minimized 
),,,,,()( 11 1
1
1
1
1
1
LllJJ PPPPP    
 
 


 

 

  l
l
ll
N
i
L
lkk
kk
t
i
T
ll
TL
lkk
kk
t
i
T
l
l
eeee
N 1 ,1
1
011
1
,1
1
011
1 )()(1 00 PWxHWWPWxHW AAAA  , 
    
 
 
L
lll
N
i
li
T
ll
T
li
T
l
l
l
l
ll
ee
N,1 1
1
11111
11
11111
1 )()(1 PHHWWPHHW AA  . (22) 
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By means of the equations 0/ 1  lJ P  for all ll  , one can show that a critical point for this 
problem must be given by 11 lˆl PP  , for all ll  , as defined in (12).  Moreover, this solution is uniquely 
determined by the system parameters. We next prove that (12) defines the global minimum of (22). 
Denoting the minimum of all the eigenvalues of all the Wl’s by  , which is positive since all Wl’s are 
positive definite, we can have  
),,,,,()( 11 1
1
1
1
1
1
LllJJ PPPPP    
 1
Nl
 Wl1eAT (H1il1 H111) Pl1
2
il1
Nl
l1,ll
L
 
 1
Nl
Dil  Pl1
2
il1
Nl
l1,ll
L  1Nl2 Dil  Pl1il1
Nl



2
l1,ll
L  1Nl2 Pl1  Dil il1
Nl


l1,ll
L
2
 
    2
,1
1
2
,1
1
2
1 


L
lll
ll
L
lll
lll
l
N
N
DPDP   
where )( 11111
1
 HHWD
A  
ll i
T
li e  and l
ll
iNil
DD
}...2,1{
max

 . For any arbitrary positive Cp,  on the 
circle 2
,1
21
P
L
lll
l C

P , the inequality 
2
,1
1
,1
21
1
1




  
L
lll
l
L
lll
l L
PP implies P
L
lll
l CL 1
,1
1 

P .  Therefore, 
we have  
 222
,1
121 122)( DCLdCDCJ PP
L
lll
llP 


  

 DPP  
where 


L
lll
lD
,1
2D  and llLld D}/{},,1{max . Since D and d are just constants related to A, Bl, x0, H, and T, 
we can guarantee that )ˆ,,ˆ,ˆ,,ˆ()( 11 1
1
1
1
1
1
LllJJ PPPPP    if CP is sufficiently large. This indicates that the 
minimum point cannot lie on the boundary of the bounded domain defined by 2
,1
21
P
L
lll
l C

P . Moreover, J 
is a continuously differentiable function in the region 2
,1
21
P
L
lll
l C

P  and must have a global minimum. So 
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the global minimum is an interior point and hence must satisfy the first order necessary condition. As 
shown before, (12) is the unique critical point derived from the first order necessary condition, therefore it 
must be the global minimum of (22). 
Hence by setting 11 lˆl PP  , for all ll  ,  and define the remaining Plil  via equations (20) and (21), and 
define the controls via equation (16), we obtain the set of optimal solutions as given in Theorem 1. This 
completes the proof. □ 
 
Theorem 1 has many interesting implications.  We observe some of them below.  We first specify the 
result of Theorem 1 to a scalar system: 



L
l
ll tubtaxtx
1
)()()( ,                             (23) 
where a , lb , )(tx  and Rtul )( . 
Corollary 1. Consider a scalar system (23) with L agents, and let l  be an integer in the set }.,,2,1{ L  The 
set of optimal controls is then given by 



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 
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,                       (24) 
g  e2at dt
t0
T , 


 
L
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l
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l
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xeHe
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201112
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where for l=1,2,…,L and ll Ni ,,2,1  , 
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Remark 2. For the regulatory problem, that is, 0ijH , for all i and j, the average control cost obtained 
under the optimal controls )(ˆ tu lil  ( LlNi ll ,,2,1,,,2,1   ) is 
 Ll laT be
axJ
1
22
2
0
min
)1(
2 , for 0a , and 
2
0
1
2min
1 x
bT
J L
l l , for  a = 0. 
Especially, for the special case of T=1, L=2, bl =1 (l=1, 2), the minimum average control cost becomes 
2
0min 2
1 xJ  , as 0a ,  
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which is consistent with the result obtained from traditional single agent control systems. The only 
difference is that each agent contributes only half of the energy in performing the task. In other words, they 
both save half of the energy by cooperating.  
Remark 3. For the simple two-agent case where ,2,1,0,0 21210  NNbbat  namely, the two 
agents, Alice and Bob, each of them has two equally likely choices, the optimal controls are: 
 021121111 224
1)(ˆ xHHH
T
tu  ,  012212221 224
1)(ˆ xHHH
T
tu  , 
 021121112 224
1)(ˆ xHHH
T
tu  ,  021122222 224
1)(ˆ xHHH
T
tu  . 
The average control cost is given by 


  2122120222011min )(2
1)()(
4
1 HHxHxH
T
J .                               (27) 
One can see that the average control cost in (27) is composed of two components: one based on the 
distances between the given target state and the initial state and the other on the level of asymmetry of the 
target states in their spatial distribution. Therefore, the cost would be lower if the controller is assigned for 
a set of terminal states that are closer to the initial state or if the prescribed terminal states are more 
symmetrically distributed.  One could argue that the first criterion is more dominant since the distance 
separation component consists of two terms both of which have larger weights in comparison with the 
spatial distribution cost. In fact, we can express the optimal control cost in terms of the distance of the 
target states from the initial state, since it can be rewritten as 
Jmin  14T (H11  x0 )
2  (H22  x0 )2  12 (H21  x0 ) (H12  x0 ) 
2


 


  ))(()(
2
1)(
2
1)()(
4
1
012021
2
021
2
012
2
022
2
011 xHxHxHxHxHxHT
. 
Remark 4. For the special case in which L = 2, 121  NN , namely, the two agents each has a single 
choice and hence a unique target state H, the problem reduces to its traditional choice-free version for 
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which the optimal controls are obtained, for a = 0, as 
)(
)(
)(ˆ 02
2
2
1
1
1 xHTbb
btu  , )()()(ˆ 02221
2
2 xHTbb
btu  . 
The average control cost is given by 
Tbb
xHJ
)(
)(~
2
2
2
1
2
0
min 
 . 
If Alice and Bob are to achieve the four target states 11H , 12H , 21H , and 22H  one after another in the four 
single choice cases, the average control cost needed, for b1 = b2 = 1, is 
])()()()[(
8
1~ 2
021
2
012
2
022
2
011min xHxHxHxHT
J  . 
It can be shown that, this average control cost is not larger than that obtained in the choice-based action 
case shown in (27). 
 
IV. TARGET-ACHIEVING STATE-FEEDBACK CONTROL 
The target-achieving controls described in section IV are functions of the initial state and the target 
states and hence they are essentially open-loop control laws. Since open-loop controller is susceptible to 
external disturbances, it is preferable to use a feedback configuration for the controller. In this session, we 
describe a set of target-achieving feedback control laws, which is derived directly from the primary optimal 
control result presented in the previous section. (See [14] for a corresponding single target problem.) 
For the sake of simplicity, we consider systems with two agents here, that is L =2: 
)()()()( tttt CvBuAxx  ,                   (28) 
where nnR A , umnR B and vmnR C , nRt )(x , umRt )(u and vmRt )(v  are the control signals, 
with  ui Nitt ,2,1),()(  uu  and  vj Njtt ,2,1),()(  vv .  The following control cost and target states 
are associated with system (28): 
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ijjitT Hvuxx ],),(,[ 0 . (30) 
According to Theorem 1, the optimal control laws are given by, 
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 jTtTj eet T 11)(ˆ HWCv ACA 
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0
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B BBW , dtee
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tTt T 
0
AA
C CCW . (33) 
Note that the above controls are valid for arbitrary 0t  and )( 0tx , so they must hold for all ),[ 0 Ttt  
and x(t). Therefore, we can derive the following result. 
Theorem 2. For the system (28), the target states are realized by the feedback controls given by 
)()()()(ˆ tttt i
T
i uLxKBu  , 
)()()()(ˆ tttt j
T
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for all i 1, 2,Nu , j 1, 2,Nv , where 
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and dtee
T
t
tTt T  AAB BBW , dteeTt tTt T  AAC CCW .  (37) 
 
Remark 5. Theorem 2 appears to be a useful tool of designing feedback control laws for choice-based 
distributed action systems. But it suffers from a critical shortcoming that does not occur in traditional linear 
systems with single target. Namely, the foregoing feedback controls have singularities at time t = T.  This 
point can be easily verified from the derived control laws in the example studied under Remark 3 by 
replacing T with (T-t) and x0 with x(t). Thus, the controls in (34)-(36) will blow up as t approaches the 
terminal time T, although the total control effect on (28) is bounded owing to a cancellation of the 
singularities with one another.  The cause of this problem is due to the nature of the feedback controls 
defined by (34) which totally ignore the information conveyed by the state trajectory up to time t.  Instead, 
a new open-loop problem is solved for each t anew, but with a diminishing amount of time to respond.  This 
leads eventually to the singularity in the control.   
To address the singularity problem and test the robustness of the feedback system, we propose a 
hybrid control strategy for linear systems with state disturbances of the form: 
),()()()()( ttttt nCvBuAxx   (38) 
where nRt )(n  is a noise process. The idea is to use the feedback control obtained in Theorem 2 to handle 
disturbances until some time T <T and switch to open-loop control given by (31) and (32) after T  .  The 
threshold time T   can be determined in principle by solving an optimization problem. 
As an example, let us consider the two moving particles introduced in Section II. The target states are 
given by Tijh ]0[ , for uNi ,2,1  and vNj ,2,1 . Note that (4) is controllable by both agents, so the set 
of open-loop optimal controls can be solved utilizing Theorem 1 and is given by 
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and the feedback controls according to Theorem 2 are 
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To demonstrate the control result, we performed a simulation study for a two-by-two target matrix: 



 100
010
H . 
Note that this target matrix is compatible. The starting points of the two particles are (5, 10) and (0, 0) 
respectively and thus e(0) = 5.  We assume that the terminal time T = 1 second, the switch time T = 0.6 
second, and n(t) is a band-limited white noise. 
The motion trajectories of the two agents produced by the primary open-loop control laws derived in 
Section III along with the said hybrid control laws are shown in Fig. 3. The horizontal distance variations 
are depicted in Fig.4. From these figures, it can be seen that with the feedback control laws being utilized in 
the first 0.6 seconds, the system could reach given target states at terminal time with small deviations. In 
contrast, the pure open-loop control laws are much sensitive to external disturbances. Last, Fig. 5 indicates 
that the hybrid controls significantly reduce the control cost. 
22 
-30 -20 -10 0 10 20 30 40
0
1
2
3
4
5
6
7
8
9
10
x
y
Alice
Bob
h
11
=10
-30 -20 -10 0 10 20 30 40
0
1
2
3
4
5
6
7
8
9
10
x
y
Alice
Bob
h
12
=0
 
-30 -20 -10 0 10 20 30 40
0
1
2
3
4
5
6
7
8
9
10
x
y
Alice
Bob
h
21
=0
-30 -20 -10 0 10 20 30 40
0
1
2
3
4
5
6
7
8
9
10
x
y
Alice
Bob
h
22
=-10
 
Fig. 3.  Motion trajectories of Alice and Bob respectively. 
Blue line: open-loop control;  
Red point-line: feedback trajectory segment, red star-line: open-loop trajectory segment. 
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Fig. 4.  Trajectories of the horizontal distances: 
eo --pure open-loop control; ef -- hybrid control. 
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Fig. 5.  Quasi-straight lines show pure open-loop control law pairs and curved lines are control pairs with 
hybrid control. 
24 
V. TARGET-APPROACHING FEEDBACK CONTROL  
In this section, we aim to find controls for general target matrices, including those that are not target 
compatible. Specifically, our objective is to derive optimal feedback controls that minimize a weighted sum 
of the quadratic terminal state error and the control cost, averaged over all possible choices. 
Again, consider an n-dimensional two-agent system (28). Let )(tijx  be the trajectory at time t when 
the two agents choose iu  and jv  as their control inputs respectively.  Let H be the Nu-by-Nv target matrix 
with arbitrary entries. Our objective in this section is to establish a set of control laws such that all )(Tijx ’s 
are close to Hij on the average. To this end, define the following cost function 
    
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for some positive weighting parameter, f. 
Using similar argument lines as in the proof of Theorem 1 and 2, we obtained the following result. 
Theorem 3: For an n-dimensional two-agent system in (28), the controls minimizing the cost function (40) 
are given by 
),()()(ˆ ttt ii uu LxKu   (41) 
),()()(ˆ ttt jj vv LxKv   (42) 
where 
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Proof:  Define the following Hamiltonian 
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in which nij Rλ ( i 1, 2,   , Nu , j 1, 2,   , Nv. ) According to similar approaches used in the proof of 
Theorem 1, we obtain the following equalities: 
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We claim that the controls in (49) minimize the Hamiltonian, since the second order partial derivatives 
of   with respect to ui and vj are easily verified to be positive-definite. Hence, the remaining task is to 
calculate explicit expressions for Pi and Qj. To this end, first by combining (49) and system equation (28) 
we solve the terminal state at T as follows 

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with WB and WC defined in (33).  
According to the transversality condition (refer to [1]), we have 
   



 
 
 
u vN
i
N
j
ijij
T
ijij
vuij
ij TTNN
f
T
T
1 1
)()(
)(
)( HxHx
x
λ  
26 
 ijij
vu
T
NN
f Hx  )(2 . (52) 
From (48), we know that  
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which when compared with (52) yields 
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Furthermore, 
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Combining (51) and (55), we obtain 
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from which we solve that  
       
u vTTTu v
N
i
N
j
ij
T
C
t
vuC
TT
N
i
N
j
ij efteNNfeeT
1 1
0
1)(
1 1
)()()()( 0 HWWxWWx AB
A
B
AAA . (56) 
To obtain the optimal controls, we need to solve for Pi and Qj, which are specified by the following 
calculations: 
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Now the only unknown variable in (57) is Pi, and can be solved by 
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Similarly, we get that 
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Substituting the above two equality into (49) and replacing t0  by t yields the optimal controls in Theorem 3 
where BW  and CW  are defined in (37). □ 
 
Remark 6. It is worth pointing out that the target states here can be arbitrarily chosen. So the results in 
Theorem 3 are more generic than those obtained in former sections. Further, if f is large enough, i.e., if 
TTef )( AABW
 , TTef )( AACW  , the optimal controls will be specified by: 
)()()(ˆ ttt i
T
i uLxKBu  , (60) 
)()()(ˆ ttt j
T
j vLxKCv  , (61) 
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If the target states satisfy the constraint in (9), namely, '''' jiijjiij HHHH   and if 1 ji , then (63) 
and (64) reduce to  
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Note that the right hand side of (62), (65) and (66) are exactly the same as (35)-(36) in Theorem 2. 
Remark 7. Under the feedback controls (41) and (42), the system evolves along the optimal trajectory xij(t) 
with dynamics:  
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When f is large enough, the final state of the system at the terminal time, T, can be represented by 

 
 u vvu
N
i
N
j
ij
vu
N
j
ij
v
N
i
ij
u
ij NNNN
T
1 111
111)( HHHx .   (67) 
The collection of final states correlate with the set of target states in the following way 
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This point can also be observed from (56) directly. Again, if '''' jiijjiij HHHH   is satisfied, (67) yields 
the expected result ijij T Hx )( . 
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VI. CONCLUSIONS 
In the present paper we have investigated the design problem of affine choice-based action systems in 
which multiple agents cooperatively apply controls based on their independent choices. A systematic design 
methodology for optimal target-achieving control of general multi-agent affine systems has been 
established. In the meanwhile, we have derived a set of optimal target-approaching controls, which can be 
seen as a general solution for targeting arbitrary states in finite time with minimum average control cost. It 
is shown in these results that the average control cost is closely related to the cardinality of each set of 
control choices, number of agents, distances between the given target states and the initial state, and the 
level of asymmetry of the given terminal states in their spatial distribution.  
It is worth mentioning that the solution to the stated problem is based on the assumption that the 
system is controllable by each agent individually. If the system under investigation is not individually 
controllable but jointly controllable, the problem remains unsolved. What seems apparent in this case is that 
some level of communication on the choice information would need to be made by the agents.  The 
framework described in [23], [25] and [26] then become relevant. 
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